One of the most powerful tools in the arsenal of theoretical cosmologists is the halo model of large scale structure, which provides a phenomenological description of nonlinear structure in our universe. However, it is well known that there is no simple way to impose conservation laws in the halo model. This can severely impair the predictions on large scales for observables such as weak lensing or the kinematic Sunyaev-Zel'dovich effect, which should satisfy mass and momentum conservations, respectively. For example, the standard halo model overpredicts weak lensing power spectrum by > 8% on scales > 20 degrees. To address this problem, we present an Amended Halo Model, explicitly separating the linear perturbations from compensated halo profiles. This is guaranteed to respect conservation laws, as well as linear theory predictions on large scales. We then provide a simple fitting function for the compensated halo profiles, and discuss the modified predictions for 1-halo and 2-halo terms, as well as other cosmological observations such as weak lensing power spectrum. We further compare our results to previous work, and argue that the amended halo model provides a more efficient and accurate framework to capture physical effects that happen in the process of cosmological structure formation.
I. INTRODUCTION
The nature and composition of dark matter has been a long-standing problem in cosmology. All observational evidence for the existence of dark matter has so far been purely gravitational, and it is based upon these observations that we currently infer dark matter's nature and properties. Due to these observations, it is currently hypothesized that dark matter particles do not have any other detectable signatures aside from gravity. As a result, they also do not interact with standard model particles or photons, other than through their gravitational pull. Commonly proposed classifications for these particles include Weakly Interacting Massive Particles (WIMPs) and axions -for the model we study in this paper, either one of these particles could work as long as the particles themselves are cold, collisionless, and have negligible self-interactions.
The most commonly used analytic framework for the formation of dark matter structure in cosmology has been the Standard Halo Model (SHM), where dark matter particles clump together to form (nearly-) spherical virialized structures known as halos. Dark matter particle properties, along with the cosmological initial conditions, determine the properties of SHM, which describes how halos are formed and what their in-ternal structures are like (e.g., [1, 2] ). In spite of its success in describing the statistics of nonlinear structures on small scales (e.g., [3] ), the SHM is not dynamical, and thus has no way to guarantee conservation laws, such as for mass or momentum. This leads to unphysical behaviour, such as catastrophic deviations from linear theory predictions at small wavenumbers, k → 0 (due to the dominance of 1-halo term, e.g., [2, 4] ).
Even though at first this may sound like an academic question, current and upcoming widefield surveys of weak lensing, kinematic Sunyaev-Zel'dovich effect, and pre-reionization 21-cm intensity will be probing total mass, momentum, and hydrogen mass on large scales. Thus, they will be sensitive to theoretical deficiencies such as violation of conservation laws that the SHM entails. As a result, we need to make amendments to the current halo model in order to obtain a more accurate picture of cosmic structures on all scales. This paper provides a simple and user-friendly prescription to implement this amendment, what we will call the Amended Halo Model. Our result can be visually summarized in Figure (1) , which compares our amended halo model predictions for matter power spectrum, with the standard halo model which overpredicts power on large scales.
The structure of the paper is as follows: Section II briefly reviews the Standard Halo Model (SHM) 
FIG. 1. Comparison of predictions for nonlinear matter
power spectrum, using Amended Halo Model (introduced here), HALOFIT [5] , and the standard halo model [2] . The data points are from Takahashi et al. simulations [5] . It can be seen that the standard halo model power starts to approach a constant value at small k's instead of 0, which is unphysical, as the standard model does not conserve mass. In our amended model, the power approaches 0 as k→0, similar to HALOFIT and linear theory predictions. and its limitations, while Section III outlines our amended halo model (AHM) and how it addresses issues highlighted in Section II. Section IV describes the method we used to test AHM, Section V summarizes how well it does in fitting the cosmological simulation data, and Section VI discusses the predictions AHM makes for weak lensing. Section VII briefly compares our approach to previous work. Finally, our results, implications, and future prospects for the AHM are summarized in Section VIII.
II. STANDARD HALO MODEL (SHM)
The most important ingredient of the SHM is that all cosmological halos approximately follow a parametrised universal density profile. The earliest proposal for this density profile was the NFW profile [6] , which has been around since the 1990s, although more precise extensions have been considered more recently [7] [8] [9] . The most widely-used density profile to date -the NFW profile -was developed through N-body simulations of dark matter particles by Navarro, Frenk, and White (NFW) [6] . By using the data from these large scale simulations, they came up with a formula that describes the spherically averaged density of dark matter within halo structures -this density was fitted by:
where ρ(r) is the density of the halo region, r is the radius from halo centre, andρ = 3ΩmH 2 8πG is the mean density of the universe. δ c is defined as
where c = r 200c /r s is the concentration parameter, defined as the ratio of r 200c (within which, mean halo density = 200 × ρ crit ), and r s (known as the scale radius).
The NFW profile provides a good model for dark matter density inside the virialized halo region; however, significantly outside this region (i.e. on large scales), where r r vir , there does not exist a clear consensus on a universal dark matter density profile (but see [8] for one proposal).
In SHM, the matter overdensity is written as a sum over halos:
or in Fourier space as:
For individual halo profiles in SHM, we often use the Fourier transform a mean profile (assuming its universality):
M j here is not the total mass of the j-th halo, which is not well-defined to begin with, but rather the mass on a fixed scale. We opt to use M 200c as the mass within the radius where the mean halo density is 200×ρ/Ω m .
Note that Equation (5) ignores the (possibly correlated) variations in profiles of halos with the same M j , which is a fundamental limitation of the SHM, and halo model in general. We shall come back to this issue, and our quick fix for it, below.
For NFW profile (1), u(k|M ) has the analytical form:
where Si and Ci are the sine and cosine integral functions respectively [2] . We find the concentration parameter c using the Equations (56)-(57) of Okoli & Afshordi's 2015 [10] . We then use this c to then find the scale radius from NFW.
Let us now discuss the simplest application of the halo model. Given a choice of halo profile u(k|M ), the matter power spectrum in SHM is given by [2] :
where the first (second) term is known as the 1halo (2-halo) term, corresponding to density correlation within (in-between) halos. Moreover, n(M ) is the halo mass function [11] , b(M ) is the bias function [11, 12] , and P L (k) is the linear matter power spectrum. As we discussed in Section I, there is no simple mechanism in SHM to enforce conservation laws on large quasilinear scales. It is arbitrary to split the density into multiple halos for small k's, or on large distances that involve several halos. However, requiring δ k → δ L,k for small k's (i.e. approximately linear evolution on large scales) will also require a fine-tuned cancellation between the diagonal and off-diagonal parts of the covariance matrix of δ j k , for 1-halo and 2-halo terms. For example, this would not be satisfied by the choice of a universal profile, such as NFW (5) .
While such a constraint is hard to impose in SHM (but see Section VII for a summary of other attempts), in the next section, we develop an Amended Halo Model that automatically satisfies this constraint as k → 0, and yet replicates the success of SHM at large k's.
III. AMENDING THE HALO MODEL
Here, we propose a small improvement to the halo model that automatically satisfies mass conservation. To do this, we change Equations (3) (4) to separate the linear overdensity from (now com-pensated) halo profiles:
and thus
We also modify halo profiles u(k|m) to become
where f (x) is a dimensionless fitting function we find using simulation data. Now, requiring that f (x) → 0 as x → 0 ensures that individual halo profiles are compensated, i.e. have zero integral:
(11) Furthermore,ũ NFW is defined to be the same as u NFW for large k's, but without the sharp cutoff at r 200c . In other words, we replace the sharp real-space cutoff at virial radius in AHM, with a gentle Fourier space cutoff f (x), that smoothly interpolates between overdense and underdense regions. As such, we let c → ∞ (and thus r 200c → ∞) only within the curly brackets in Equation (6) (not changing the prefactor):
Now, the power spectrum becomes This new power spectrum will automatically approach linear power when k → 0, as u AHM (k|M ) → 0, but will recover SHM on large k's with small corrections. In the next section, we find that this amended model gives a better fit at small k's than the standard halo model does, based on data from N-body simulations. It also yields fits on the same level of accuracy as the numerical HALOFIT package [5, 13] , based on a more solid physical picture of structure formation.
IV. METHOD AND SIMULATIONS
In order to compare with the HALOFIT model used in CAMB package [14] [15] , the data used to investigate this amended halo model was obtained through N-body simulations of dark matter evolution, using gaussian ΛCDM linear initial conditions. The simulation data is primarily from Takahashi et al.'s paper ( [5] , using Nishimichi's simulations). We studied the matter power spectra at z = 0 for different cosmologies, summarized in Table I. The simulations had box sizes of 320, 800, and 2000 Mpc/h and particle number of 1024 3 , starting at redshift z = 99 and ending at z = 0.
V. RESULTS AND DISCUSSION
We apply Equations (8) (9) (10) (11) (12) (13) to the power spectra obtained by Takahashi et al.'s simulation data [5] (used to calibrate the HALOFIT model) and attempt to parametrize the cutoff function f (x) in (10) that can fit the data with an error ≤ 5%.
Furthermore, we require f (x) ∝ x 2 for x 1, while it approaches 1 for x 1. The former ensures that the (spherically) averaged halo profile is analytic in k and compensated, i.e. the leading term in δ k should be k · k in the Taylor expansion. The latter ensures that we recover SHM with NFW profiles on small scales/large k's.
We find that the following parametrization for f (x) satisfies these requirements:
where the best-fit parameter values for a, b, c, and d are listed in Table II . The fits are found by minimizing the root-mean-squared of relative errors, defined as:
where the average is over the simulated data points in k-space. Meanwhile, P (k) sim i is the power spectrum from simulation data, and P (k) model i is the theoretical power spectrum from either (7) or (12) , depending on whether we are finding the error for the standard halo model (SHM) or amended halo model (AHM).
The first parameter a also has the physical significance of being related to the second moment of the compensated halo profile, i.e. Taylor expand- Table: Fitting parameters for (14) for the different WMAP cosmologies from [5] , with the average and standard deviation for each parameter listed in the last two rows.
ing Equation (5) in k, we can see that:
Since the compensated halo profile is overdense in the middle, and underdense in the outskirts, we expect the 2nd moment to be negative, and thus a > 0, as seen in our best fits in Table II. The resulting mean relative errors for different simulations are summarized in Figures 2 and 3 . Table III compares the relative errors with those of HALOFIT, assuming that we use the best-fit parameters from Table II for each simulation. We see that, while we achieve smaller errors compared to HALOFIT, we also have more parameters per simulation (4/sim for this work, versus 35/ 16 sim's in [5] ). If we fix all parameters to their average over 4 simulations, effectively having 1 parameter per simulation, Tabel IV shows that we get generally larger errors than HALOFIT. Therefore, as a fitting function, AHM using Equation (14) has a comparable performance to HALOFIT, while it is based on a more physical underlying framework. We also see that both AHM and HALOFIT do far better than the SHM in fitting the simulated data.
To get a more physical picture, we can look at the dark matter density that we obtain from (12) by using an inverse Fourier Transform. On smaller scales, inside the halos (at distances smaller than the halo's r 200c ), we should roughly recover the NFW density profile. However, outside the virial radius of a halo, we should expect the amended "compensated" profile density to go negative in order to satisfy mass conservation. From Figure  4 , we see that our density profile does match NFW up to the mean r 200c ∼ 6 × r s , which is what we would expect from theory. However, it crosses zero and becomes negative at roughly roughly 2×r 200c , although the exact value appears to depend on cosmology. From Figure 2 , it can be seen that the deviation from simulation data (from [5] ) resulting from our amended model is significantly smaller than the deviation from the standard halo model, indicating that this new modified power spectrum is a better fit for dark matter density in general. When k is of reasonably large scale -k ≥ 5 h/Mpc -the amended model, the standard halo model, and the numerical HALOFIT all produce similar results, as we should expect given that HALOFIT and the amended model are supposed to replicate SHM on large k's. However, as seen in Figure 2 and 3, AHM and HALOFIT are significantly more accurate than SHM on intermediate, scales with k ∼ 1 h/Mpc. Physically, this indicates that the current halo model profile does require some compensation to fit the data (!), similar to what we proposed in (8)- (9) . This new halo model also conserves mass and fits the simulated dark matter density better than previous models did, resulting in a new physical model for dark matter clustering on large scales. Another advantage of AHM is that, unlike SHM, it has little sensitivity to including small halos. The reason is that in SHM, it is assumed that all the mass is included in halos, and therefore convergence of integrals over halo mass requires including relatively small halos. However, in AHM the halos are compensated (i.e. have zero mass), and thus small halos do not contribute to large scale observables.
VI. CMB LENSING
We provide an example of how mass nonconservation can impact observational predictions. In this section we shall study the weak lensing of cosmic microwave background (CMB) maps, that is being measured with unprecedented precision using current and future experiments (e.g., [16] [17] [18] ). To see what power AHM would predict, and show that SHM overpredicts lensing power, we calculated the weak lensing power that should be observed from the Cosmic Microwave Background (CMB) [18, 19] using AHM and the Extended Limber approximation [20] . This lensing power, as can be seen from Figure  5 , matches the measurements from 2018 Planck results [18] fairly well. The standard model does seem to overpredict the power (Fig. 6) , as a result of the large 1-halo contribution to power spectrum at high redshifts. We believe this is primarily because of a lack of mechanism for mass conservation in the SHM. 
VII. COMPARISONS TO PREVIOUS ALTERNATIVE MODELS
In this section, we briefly summarize two other approaches to extending the halo model, which share some of the properties of the AHM.
In [22] , Schmidt introduces an Effective Field Theory approach to the halo model, or "EHM", that includes stochastic halo additive and multiplicative terms. As we discussed in Section II, modelling the covariance of this stochasticity is then the key ingredient in ensuring mass and momentum conservation. While EHM might be more realistic and general than the simple version of the AHM presented here, it requires modelling more free functions. EHM also does not model the transition region where the 1-halo term domination in the power spectrum ends and the 2-halo term [21] . For comparison, we show the measurement of CMB power spectrum from Planck 2018 (plotted as the grey errorbars) [18] . It can be seen that the SHM generally overpredicts power compared HALOFIT and AHM, on small and large L's. This is because of non-conservation of mass on large scales in the SHM. starts to take over, which is addressed in AHM in this paper. From Figure 2 , it can be seen that even during the transition region where SHM (0.5 h/Mpc k 2.0 h/Mpc) becomes inaccurate, AHM still fits the data well.
Another similar approach was presented in [23, 24] , where the matter power spectrum is modelled as the sum of the power evaluated using the Zel'dovich approximation, plus an effective "compensated" 1-halo term. While this provides a good fit to simulations for k 1 h/Mpc, with a relatively small number of parameters, it is not clear that it can be interpreted as a consistent halo model, as the compensated halo profile is not included in the Zel'dovich spectrum (which replaces the 2-halo term). For example, finding the bispectrum would require introducing additional free functions. One bi-product of this inconsistency might be the large halo compensation scale of ∼ 26 Mpc/h, which is significantly larger than the sizes of halos in Lagrangian coordinates. In contrast, our compensation scale (e.g., the minimum of ρ(r)r 3 in Figure 4 ) is ∼ 5 Mpc/h for 10 14 M /h halos, which is comparable to the Lagrangian radius of ∼ 7 Mpc/h for these halos. Furthermore, the approaches of [23, 24] are built as Pade expansions in k, and unlike AHM (or SHM), cannot be extended to the deeply nonlinear regime.
VIII. CONCLUSIONS AND FUTURE PROSPECTS
In this paper, we introduced the amended halo model (AHM) of structure formation, which fixes the problem of problem of mass non-conservation in the standard halo model (SHM), using a simple and user-friendly framework. The compensated halo profiles in AHM provide predictions for the matter power spectrum (13) that fit N-body simulation data as well as the parametrized HALOFIT model used in CAMB, and better than the standard halo model for mid to small values of k (k ≤ 5 h/Mpc). This leads to an accurate and physical halo model that conserves mass and fits simulations and theoretical expectations, on both small and large scales. While the current model introduces the AHM, several future steps can anticipated:
1. Future work is needed to see whether AHM can be further developed to include halo substructure.
2. Since our halos are compensated, the lowest order multipole moment is dipole. While the mean dipole would vanish for an average profile, it could have a scatter that contributes to the matter power spectrum on large quasilinear scales. It would be inter-esting to hunt for this dipole signal in simulations or weak lensing observation.
3. More generally, should (co-)variance of halo profiles be included in the AHM framework, and if so, how?
4. Can we use match-filter methods to directly measure mean compensated halo profiles from N-body simulations?
5. The AHM framework can be further finetuned and/or tested using larger boxes, as well as neutrino and/or baryonic effects.
6. Similar to CMB lensing studied here, it would be interesting to see how predictions for kinematic Sunyaev-Zel'dovich effect and 21cm intensity mapping at high-z, that may be sensitive to momentum and hydrogen mass conservation, might be impacted.
7. Another potential application of AHM is capturing environmental dependence of halo properties through cross-terms such as :
that contribute to 2-point correlation function (or the power spectrum). This could be further generalized to other tracers, such as galaxies or hot gas, by quantifying how profiles of individual halos may be different for environments with different linear overdensities.
8. AHM can be used to model 1-point probability distribution function for conserved observables, such as weak lensing convergence, or kinetic Sunayev-Zel'dovich effect (e.g., extending treatment introduced in [25] ).
